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Abstrat
We ontribute to the method of trigonometri series for solving
dierential equations of ertain non linear osillators.
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1 Introdution
The non linear nonharmoni motion of an osillator may be given by the
following dierential equation
u′′ + ω2u = −βu2 (1)
β and ω being onstants, with initial onditions
u(0) = a0, u
′(0) = 0 (2)
To solve this problem A. Shidfar and A. Sadeghi [1℄, have given two
series solutions. They desribe a general approah in whih the dierential
equation, rather than the solutions series , is majorized.
Notie that if we write a0 = −
ω2
β
then
u(t) ≡ −
ω2
β
(3)
is a trivial solution of (1) and (2).
They gave a series solutions of (1) and (2), whih inludes (3) as a speial
1
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ase.
By writing
u = v −
ω2
2β
the problem beomes
v′′ + βv2 =
ω4
4β
(4)
under the initial onditions{
v(0) = a0 +
ω2
2β
v′(0) = 0
(5)
The method of [1℄ onsists to solve equations (4) and (5) in the form
v(t) = c0 + c1 sinωt+ c2 sin
2 ωt+ c3 sin
3 ωt+ ..... (6)
where ci, i = 0, 1, 2, .... are oeients to be determined by the substitution
of (6) in (4).
In fat, ω = π
T
where T is the period of the solution, whih an be expressed
in terms of the Weierstrass funtion ℘(z, 2T, 2T ′).
So, we nd that
2ω2c2 + βc
2
0 =
ω2
4β
.
For n ≥ 1, the reursion formula for these oeients are
(n+ 1)(n + 2)cn+2 = n
2cn −
β
ω2
n∑
r=0
crcn−r. (7)
Equations (5) and (6) imply that c1 = 0. Relations (7) yields
c3 = 0, c5 = 0, .....
The even order oeients simply are
c0 = a0 +
ω2
2β
,
c2 = −
a0
2ω2
(ω2 + a0β),
c4 = −
β
6ω2
a0(ω
2 + a0β)(
3
4
−
a0β
2ω2
),
c6 = −
β
180ω2
a0(ω
2 + a0β)(
3
4
−
a0β
2ω2
)(15 −
2a0β
ω2
)−
βa20
120ω6
(ω2 + a0β)
2,
2
et.
The oeient c0 follows from the ondition (5). The solution for the
equations (4) and (5) an now be written as
u(t) = a0 −
a0
2ω2
(ω2 + a0β) sin
2 ωt+ .... (8)
Relations of the oeients and further indution show that c2i, i = 1, 2, ...
all vanish for a0 =
ω2
β
. So, the trivial solution (3) is inluded in (6) as a
speial ase.
2 Convergene of the solutions
We now show the onvergene of these series. In [1℄ one proved the following
Lemma 1 The serie (6) solution of Equation (4)-(5) is absolutely
onvergent for all t.
Proof We rstly note that if c0 > 0, c2 > 0 and β < 0, then all
oeients cn in the serie expansion (6) are positive. Indeed, we may write
∑
n≥0
((n+ 1)(n + 2)cn+2 =
∑
n≥0
n2cn −
β
ω2
(
∑
n≥0
cn)
2 +
β
ω2
c20,
or
− β(
∑
n≥0
cn)
2 + ω2
∑
n≥0
ncn = −βc
2
0 − 2ω
2c2. (9)
Sine the right hand side of (9) is nite and ci are positive, the series∑
n≥0 cn onverges. Following [1℄, if we put
c′0 =| c0 |, c
′
1 = 0, c
′
2 =| c2 |
and for n ≥ 2
c′n+2 =
n2
(n+ 1)(n + 2)
c′n +
| β |
ω2(n+ 1)(n + 2)
n∑
r=0
c′rc
′
n−r,
then the series
∑
n≥0 c
′
n onverges. Sine | cn |≥ c
′
n, it follows that the
solution series (6) is absolutely onvergent, and hene the series expansion
solution of (1)-(2) onverges for all t.
We notie that we may dedue Lemma 1 a previous result onerning
Equation (4).
We have shown that the oeients verify a more general properties. Indeed,
we have [4℄
3
Lemma 2 For any positive number ǫ small enough (but ǫ 6= 0),
there exists a positive onstant k verifying
k <
β
ω2
3
4
ǫ4ǫ−
1
2
suh that the oeients cn of the series expansion (6) solution of the dif-
ferential equation (4)-(5) satisfy the inequality
| cn |<
k
n
3
2
−ǫ
. (10)
Proof We rst notie that Lemma 2 gives an optimal result, beause
our method do not run for ǫ = 0.
The oeients cn of the power series solution, satisfy the reursion formula
(7). We shall prove there exist two positive onstants k > 0, and α > 1,
suh that the following inequality holds
| cn |<
k
nα
for any integer n ≥ 1. Suppose for any n ≤ p , we get | cn |<
k
nα
. In
partiular, it implies that
∑
0<r<p
crcp−r <
∑
0<r<p
k2
rα(r − p)α
≤
k2
(p − 1)α−1
.
Equality (7) gives
cp+2 =
p2 − 2 β
ω2
c0
(p+ 1)(p + 2)
cp −
β
ω2(p+ 1)(p + 2)
p−1∑
r=1
crcp−r.
Thus, if we prove the following inequality
p2 − 2 β
ω2
c0
(p+ 1)(p + 2)
k
pα
+
β
ω2(p+ 1)(p + 2)
k2
(p− 1)α−1
≤
k
(p + 2)α
(11)
so
| cp+2 |<
k
(p+ 2)α
(12)
Notie that (11) implies that
p2 − 2 β
ω2
c0
(p + 1)(p + 2)
k
pα
≤
k
(p+ 2)α
.
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Thus, a neessary ondition to (11) holds is : α ≤ 32 . Inequality (11) is
equivalent to
k <
β
ω2
pf(p)g(p) (13)
where
f(p) =
p+ 1
p
(
p− 1
p+ 2
)α−1
g(p) = 1−
(p2 − β
ω2
c0)(p + 2)
α−1
(p+ 1)pα
By using MAPLE, we are able to prove that f(p) is an inreasing positive
funtion in p . Moreover, for any p ≥ 1, f(p) is minorated
f(p) ≥ (
3
2
)41−α.
The funtion g(p) is suh that
pg(p) = p−
(p2 − β
ω2
c0)(
p+2
p
)α−1
(p + 1)
is a stritly dereasing and bounded funtion .
More exatly, we may alulate the lower bound
g(p) >
(3− 2α)
p
.
Thus, if (3− 2α) = ǫ > 0, it sues to hoie
k ≤ (
3
2
)41−α(3− 2α)
to inequality (13) holds.
Remark for the ase ǫ = 0 :
Notie that the hoie of k depends on α value.
For α = 32 , we then prove by MAPLE that the funtion
pg(p) = p−
(p2 − 32ω2 c0)(
p+2
p
)
1
2
(p + 1)
is positive and stritly dereasing to 0. While p2g(p) is a bounded funtion.
Moreover, it appears that pf(p)g(p) is a dereasing funtion whih tends to
0 when p tends to innity. Thus, our method falls sine it do not permit to
determine a non negative onstant k.
5
Following [1℄, it is interesting to write the power series solution for the
system (4)-(5),
v(x) =
∞∑
n=0
bnx
n. (14)
We nd again that
b2p+1 = 0 p = 0, 1, 2, ...,
while
b0 = a0 +
ω2
2β
,
2b2 + βb
2
0 =
ω4
4β
,
(n+ 2)(n + 1)bn+2 = −β
r=n∑
r=0
brbn−r,
where n is even and non zero.
The oeients b2p, p = 0, 1, 2, ..., again vanish for a0 = −
ω2
β
. We may verify
that the solutions (6) and (14) are idential.
The latter method permits to ompare approximate solutions of the anhar-
moni motion of the osillator.
3 Another dierential equation
We now examine the following dierential equation
u′′ + ω2u = −βu3 (15)
β and ω being onstants, with initial onditions
u(0) = a0, u
′(0) = 0. (16)
We put v = u
a0
and t = ωx. We then obtain from (15) and (16)
d2v
dt2
+ v + βv3 = 0, v(0) = 1, v′(0) = 0 (17)
where β =
βa2
0
ω
.
A. Shidfar and A. Sadeghi [2℄ solved (17) by series method in Sinus power
v(t) = c0 + c1 sinωt+ c2 sin
2 ωt+ c3 sin
3 ωt+ ..... (18)
Here, ω = π
T
where T is the period of the solution, whih an be expressed
in terms of the Jaobi funtion sn(z, 2T, 2T ′).
So,
c0 = a0.
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For n ≥ 1, we get the reursion formula
(n+ 1)(n + 2)cn+2 = n
2cn −
β
ω2
n∑
r=0
n−r∑
m=0
cmcrcn−m−r. (19)
Under some onditions, they proved estimates of the oeients
| cn |≤ R
n
where
1
R
is a radius of onvergene.
In fat, we may prove an analog of Lemma 2 for this equation. Indeed, we
have
n∑
r=0
n−r∑
m=0
cmcrcn−m−r = 2c
2
0cn+2c0c1cn−1+c0
n∑
m=0
cncn−m+
n−2∑
r=2
n−r∑
m=0
cmcrcn−m−r.
Then,
n−2∑
r=2
n−r∑
m=0
cmcrcn−m−r =
n−2∑
r=2
cr[2c0cn−r +
n−r−1∑
m=1
cmcn−m−r]
<
n−2∑
r=2
| cr | [2 | c0cn−r | +
k2
(n− r − 1)α−1
]
< 2c0k
2
n−2∑
r=2
1
rα(n− r)α
+k3
n−2∑
r=2
1
rα(n− r − 1)α−1
<
2c0k
2
(n− 1)α−1
+
k3
(n− 2)α−1
Finally,
| cp+2 |<
k
(p+ 2)α
as soon as the non negative onstant k satises the inequality
k
nα−2
+
2c0k
2
nα
+
2c0c1k
(n− 1)α
+
3c0k
2
(n− 2)α−1
+
k3
(n− 2)α−1
<
(n + 1)k
(n+ 2)α−1
,
So,
1
nα−2
+
k2 + 3c0k
(n− 2)α−1
+
2c0 + 2c0c1
(n− 1)α
<
(n + 1)
(n+ 2)α−1
.
By using MAPLE, we verify it is possible to nd a suh onstant. Moreover,
we nd again the neessary ondition : α ≤ 32 , sine we get
1
nα−2
<
(n+1)
(n+2)α−1 .
General remarks : It is wellknown from the theory of ellipti
funtions that solutions of equations (4) and (17) are related. This allows to
express the series expansion of the solution of (17) from a series expansion
of a solution of (4) and onversely. Indeed, one has
℘(z) = C −
δ2
sn2(δz)
,
7
where ℘(z) is the ellipti Weierstrass funtion and sn(u) is the Jaobi fon-
tion , δ is a onstant , only dependent on the initial parameters.
Notie that series expansion of the sn(u) in sinus power was given in a
previous paper (see Proposition (2.1) in [3℄).
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